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Abstract. Maxwell equation = for F G sec/\^M C secff(M), where <S(M) is the Clifford 
bundle of differential forms, have subluminal and superluminal solutions characterized by ^ 0. 
We can write F = 1/1721 V' where V £ sec CS+(M). We can show that ip satisfies a non linear Dirac- 
Hestenes Equation (NLDHE). Under reasonable assumptions we can reduce the NLDHE to the 
linear Dirac-Hestenes Equation (DHE). This happens for constant values of the Takabayasi angle 
(0 or 7r). The massless Dirac equation 9i/i = 0, V G secCf'''(M), is equivalent to a generalized 
Maxwell equation dF = Je — 75 Jm = J^. For -0 = a positive parity eigenstate, je = 0. Calling 
•ipe the solution corresponding to the electron, coming from dFe = 0, we show that the NLDHE 
for 1/) such that ^721 = Fe-\- F^ gives a linear DHE for Takabayasi angles tc/2 and 37r/2 with the 
muon mass. The Tau mass can also be obtained with additional hypothesis. 



1. Introduction 

In section 1 we briefly recall how to write Maxwell and Dirac equations in the 
Clifford and Spin-Clifford bundle formalisms. In section 2 we present some mathe- 
matical preliminaries. Then in section 3 we prove that the free Maxwell equations 
dF = 0, F G sec/\^M C secCC{M), have subluminal and superluminal solutions 
characterized by F^ 7^ 0. In particular, we show that there are some interesting 
solutions of dF = which are equivalent to a non-homogeneous Maxwell equation 
dF' = j. In section 4 we prove that the solutions of dF = for which ^ 
are equivalent to solutions of a non-linear Dirac-Hestenes equation (NLDHE) for 
■0 G secC^+(M) such that F = '072iV'- Under reasonable assumptions, namely that 
ijj has only six degrees of freedom, the NLDHE gives a linear Dirac-Hestenes equa- 
tion (DHE) for a constant mass. We may identify this solution ipe with the DHE for 
the electron (or positron) depending on the value of the Takabayasi angle. In section 
5 we study some properties of the linear and nonlinear Dirac-Hestenes equations. In 
this formalism the Weyl equation is written dijjw — 0, with ipw € sec C^+(Af) and 
'>pwl2i'>Pw — 0. The expression dipw = is equivalent to a generalized Maxwell 
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equation OF = Jg — 75 = J- If is a Dirac-Hestenes spinor which is a posi- 
tive parity eigenstate (see eq.(2.16)) and tjj^ satisfies c?V'^ = 0, tlicn tlic equivalent 
Maxwell equation reads dF^ = —j^Jm (see eq.(5.42)). In section 6 we study the 
NLDHE associated to d{Fe + F^) = dF = J, which yields, for certain values of 
the Takabayasi angle associated to V' such that F = V'72iV'; a DHE with the correct 
value of the muon mass. Under additional hipothesis this theory gives also the values 
of the Tau lepton mass. 

2. Mathematical Preliminaries 

Here we briefly recall how to write Maxwell and Dirac equations in the Cliff'ord and 

Spin-Clifford bundles over Minkowski spacetimc. Details concerning these theories 
can be found in (Rodrigues and Souza, 1993; Rodrigues and Souza, 1994; Rodrigues 
et ai, 1995a; Rodrigues et al., 1995b). 

Let A4 — (M,g,D) be Minkowski spacetimc. {M,g) is a four dimensional time 
oriented and space oriented Lorentzian manifold, with M ~ and g G sec(T*M x 
T*M) being a Lorentzian metric of signature (1,3). T*M \TM] is the cotangent 
[tangent] bimdlc. T*M = \J^eMT*M and TM = U^eiviT^M, and T^M ~ T*M ~ 
E}'^, where R^'^ is the Minkowski vector space (Sachs and Wu, 1977; Rodrigues 
and Rosa, 1989). D is the Levi-Civita connetion of g, i.e., Dg = 0, T{D) = 0. Also 
R{D) = 0, T and R being respectively the torsion and curvature tensors. Now, 
the Clifford bundle of differential forms (X{M) is the bundle of algebras Ci{M) = 
U^^MCiiT*M), where Va; e M,(1{T*M) = Cfi,3, the so called spacetime algebra 
(Lounesto, 1993; Hcstcncs and Sobczyk, 1987; Hcstcncs, 1966). Locally as a linear 
space over the real field R, Ci{T*{M)) is isomorphic to the Cartan algebra /\{T*{M) 
of the cotangent space and /\{T*M) = YX^^ /\^{T*M), where /\^{T*M) is the (^)- 
dimensional space of fc-forms. The Cartan bimdlc l\{M) = Ux^m /\{TxM) can then 
be thought as "imbedded" in Ct{M). In this way sections of (X{M) can be represented 
as a sum of inhomogcneous differential forms. Let {e^ = g§7r} G secTM, (/x = 
0,1,2,3) be an orthonormal basis g{ef^,ei,) = rj^i, = diag(l, — 1, — 1, — 1) and let 
{Y = dx") e secf\^{M) c secC^(M) be the dual basis. Then, the fundamental 
Clifford product (in what follows to be denoted by juxtaposition of symbols) is 
generated by ^i^Y + Yl'^ = '^V'^" and if C e secC?(M) we have 

c = s + v^r + l^b^uri" + ^yup^YY + Pi' , (2.1) 

where Y ~ Y^YY = dx^ dx^ dx^ dx^ is the volume element and s, w^, 6^1,, a^jtvpiP S 
secA°(M) C scc(^(M). For Ar G secA''(M) C sccC{M),Bs £ secA'(M) we define 
(Lounesto, 1993; Lounesto, 1994; Hestenes and Sobczyk, 1987) Ar-Bg = {ArBs)\r-s\ 
and Ar A Bg = {ArBs)r+s, where ( )k is the component in /^{M) of the Clifford 
field. 

Besides the vector bundle C£{M) we need also to introduce another vector bundle 
C^spin+(i,3)(^) [Spin_^(l,3) ~ SL(2,(F)] called the Spin-Clifford bundle (Rodrigues 
and Figueiredo, 1990). We can show that <^spin+(i,3) (Af) ~ a{M)/n, i.e., it is 
a quotient bundle. This means that sections of C^spin^(i,3)(-^) are some special 
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equivalence classes of sections of the Clifford bundle, i.e, they are equivalence sections 



of non-homogeneous differential forms (see eqs.(2.2,2.3) below) 



Now, as is well known, an electromagnetic field is represented by F G sec f\^{M) C 
secCi{M). How to represent the Dirac spinor fields in this formalism ? We can 
show that even sections of C^gpin (i3)(-^^); called Dirac- Hestenes spinor fields, 

do the job. If we fix two orthonormal basis, S = {7^} as before, and E = 
{Y = R-fi'R = A^-f"} with e S0+(l,3) and R e Spin+(1,3) Vx e M, 
RR ~ RR = 1, and where ~ is the reversion operator in C£i,3 (Lounesto, 1993; 
Lounesto, 1994; Hestenes and Sobczyk, 1987), then the representations of an even 
section i/j e secC^gpin^(i^3) (M) are the sections and -0^; of C£{A4) related by 

= ^si? (2.2) 

and 

V-s =s + ^6m-7^7'^+P7' (2.3) 

Note that -05: has the correct number of degrees of freedom in order to represent a 
Dirac spinor field, which is not the case with the so called Dirac-Kahler spinor field. 

Let ★ be the Hodge star operator ★ : /\^{M) /y"* ''(Af). Then we can show 
that if Ap e sec/\^{M) c secC^(M) we have *A = A-f^. Let d and S be respectively 
the differential and Hodge codifferential operators acting on sections of /\{M). If 
Up G sec/\''{M) C secCi{M), then Sup = {-)p ★"^ Wp, with ★"^^ = identity. 

The Dirac operator acting on sections of Ci{M) is the invariant first order differ- 
ential operator 

d^^D,^, (2.4) 
and we can show the very important result (Maia et ai, 1990): 

d = dA+d- = d-S. (2.5) 

With these preliminaries we can write Maxwell and Dirac equations as follows 
(Hestenes, 1966; Rodrigues and Oliveira, 1990): 

dF = 0, (2.6) 

aV's7^7^ + mV's7° = 0. (2.7) 
If m = we have the massless Dirac equation 

aV^s = 0, (2.8) 



which is Weyl's equation (see eq.( 2.12 ) below) when ^p^: is reduced to a Weyl spinor 
field (Lounesto, 1993; Lounesto, 1994). Note that in this formalism Maxwell equa- 
tions condensed in a single equation! Also, the specification of ips depends on the 
frame E. When no confusion arises we represent ips simply by -0. 

When 0E'0s 7^ 0, where ^ is the reversion operator, then has the following 
cannonical decomposition: 



(2.9) 
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where p, /3 G sec/\°{M) C secC£(M) and R e Spin+(1,3) C a^^, Vx G M. /3 is 
called the Takabayasi angle. 

If one wants to work in terms of the usual spinor field formalism, we can translate 
our results by choosing, for example, the standard matrix representation of {7'^}, 
and for ip^: given by eq. ( |2.3[ ) we have the following (standard) matrix representation 
(Rodrigues et ai, 1995b): 



where 



(2.10) 



s - ibi2 613 - 1623 
-613 - 1633 s + ibi2 



-&03 + ip -boi + «&02 
-boi - «6o2 bo3 + ip 



(2.11) 



with s, bi2, ■ ■ ■ real functions. Right multiplication by 

/1\ 





gives the usual Dirac spinor field. 

We need also the concept of Weyl spinors. By definition, ip g sec C^+(M) is a 
Weyl spinor if (Lounesto 1993,1994) 



J5lp = ±1p^2 



(2.12) 



The positive (negative) "eigenstate" of 75 will be denoted -0+ ("0-)- For ^ general 
Ip £ secC^+(M) we can write 



and then 



0± = i^VP T lz-ipl2i] 



(2.13) 



(2.14) 



The parity operator P in this formalism is represented in such a way (Lounesto 
1993,1994) that for iP e sec C^+(M), 



(2.15) 



The following Dirac-Hestenes spinors are eigenstates of the parity operator with 
eigenvalues ±1: 



PV^ , V'^ = 7o^-7o - 0- ; 

Pipi = -0l , -0-1 = 700+70 + ■ 



(2.16) 



We recall that the even subbundle C^+(Af) of C£{M) is such that its typical fiber 
is the Pauli algebra €£3^ = C£f^. The isomorphism €£3,0 = Cii^ is exhibited by 
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putting (Tj = 7i70) whence aiaj +ajGi = 26ij. Then if F 
seca{M) with 



( -E^ -E^ -E^ \ 

E^ — B3 B2 

E"^ B3 -Bi 

\E^ -B2 Bi J 



(2.17) 



we can write F = E + iB with i = aia2cr3 =75, E = E^ai, B = B^ai. 

Before we present the subluminal and superluminal solutions -F< and F> of 
Maxwell equations we shall define precisely an inertial reference frame (irf) (Sachs 
and Wu, 1977; Rodrigues and Rosa, 1989). An irf I e secTM is a timelike vector 
field pointing into the future such that g{I, /) = 1 and DI = 0. Each integral line 
of / is called an observer. The coordinate functions (x^) of a chart of the maximal 
atlas of M are called naturally adapted to 7 if / = d/dx^. Putting 7 = eo, we can 
find Cj = d/dx^ such that g{e^, e^) = -q^i, and the coordinate functions (x'') are the 
usual Einstein-Lorontz ones and have a precise operational meaning (Rodrigues and 
Tiomno, 1985). is measured by "ideal clocks" at rest synchronized "a la Einstein" 
and a;' are measured with "ideal rulers" . 



3. Subluminal and Superluminal Undistorted Progressive Waves (UPWs) 
Solutions of Maxwell Equations (ME) 

We start by reanalyzing in section 3.1 the plane wave solutions (PWS) of ME with 
the Clifford bundle formalism. We clarify some misconceptions and explain the 
fundamental role of the duality operator 75 and the meaning of i = \/^ in standard 
formulations of electromagnetic theory. 

Next, in section 3.2 we discuss subluminal UPWs solutions of ME and an un- 
expected relation between these solutions and the possibility of the existence of 
purely electromagnetic particles (PEPs) envisaged by (Einstein, 1919; Poincare, 
1906; Ehrenfest, 1907) and recently discussed by Waite, Barut and Zeni (Waite, 1995; 
Waite et al, 1996). 

In section 3.3 we discuss in detail the theory of superluminal electromagnetic X- 
waves (SEXWs). In (Rodrigues and Lu, 1996) it is discussed how to produce these 
waves with appropriate physical devices. 

3.1. Plane Wave Solutions of Maxwell Equations 
We recall that ME in vacuum can be written as 



dF = 0, (3.1) 

where F G sec/\^(M) C secCf(M). The well known PWS of eq.(3.1) are obtained 
as follows. We write in a given Lorentzian chart {x^) of the maximal atlas of M a 
PWS moving in the 2:-direction 

F = /e'»-^'=^ (3.2) 
fc = fc''7^,A;i = A;2 = 0,x = a;''7^, (3.3) 
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where k,x € sec A (M) C seca(M) and where/ is a constant 2-form. From eqs(3.2) 
and (3.3) we obtain 

kF^O (3.4) 

Multiplying eq(3.4) by k we get 

k^F = (3.5) 
and since k e sec A^(M) C secCg(M) then 

/c^ = ^ fco ±|fc| = (3.6) 

i.e., the propagation vector is light-like. Also 

F^ = F.F + F A F = (3.7) 

as can be easily seen by multiplying both members of eq(3.4) by F and taking into 
account that k ^ 0. Eq(3.7) says that the field invariants are null. 

It is interesting to understand the fundamental role of the volume element 75 
(duality operator) in electromagnetic theory. In particular since e'^^'^^ = coskx + 
75 sin kx, we see that 

F = f coskx + ^5f smkx, (3.8) 
i.e., in a PWS the electric and magnetic fields are oscillating out of phase by 90°. 



Writing F = E+iB, (see eq.(2.17)) with i = 75 and choosing f — e, eq.(3.8) becomes 



{E + iB) = ecoskx + ies'mkx. (3-9) 

This equation is important because it shows that we must take care with the i — \/— T 
that appears in usual formulations of Maxwell Theory using complex electric and 
magnetic fields. The i = V— T in many cases unfolds a secret that can only be known 
through eq(3.9). 

From eq(3.4) we can also easily show that k.E = k.B = 0, i.e., PWS of ME are 
transverse waves. 

We can rewrite eq(3.4) as 

fc7o7oi^7o = (3.10) 
and since kjQ = ko + k, JqFjq = —E + iB we have 

kf = kof. (3.11) 

Now, we recall that in CX'^{M) (where the typical fiber is isomorphic to the 
Pauli algebra C^s.o) we can introduce the operator of space conjugation denoted by 
* (Hestenes, 1966) such that writing / = e + i6 we have 

/* = -/ ; K^ko ; k* = -k. (3.12) 

We can now interpret the two solutions of k^ = 0, i.e., kg = \k\ and kg = —\k\ as 
corresponding to the solutions kgf = kf and kof* — —kf*; f and /* correspond in 
quantum theory to "photons" which are of positive or negative helicities. We can 
interpret fco — \k\ as a particle and fco = as an antiparticle. 

Summarizing we have the following important facts concerning PWS of ME: (i) 
the propagation vector is light-like, fc^ = 0; (ii) the field invariants are null, = 0; 
(iii) the PWS are transverse waves, i.e., k.E — k.B — 0. 
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3.2. SUBLUMINAL SOLUTIONS OF MAXWELL EQUATIONS AND PURELY ELECTRO- 
MAGNETIC Particles (PEPs) 

In order to present the subluminal and supcrluminals solutions of Maxwell equations 
we need the following result (Rodrigues and Vaz, 1995): 

Let A e sec/\^(M) c sec C^(M) be the vector potential. We fix the Lorentz 
gauge, i.e., d ■ A = SA = such that F = dA = {d - d)A = dA. We have the 
following theorem: 

Theorem: Let tt e sec/\^(M) C sec Ci{M) be the so called Hertz potential. If tt 
satisfies the wave equation, i.e, 9^7r = rj'^" dij,d^n = —{d5+Sd)TT = 0, and if A = —5tt, 
then F = dA satisfies the Maxwell equations dF = 0. 

The proof is trivial. Indeed A = —Stt, then SA = —S'^tt = and F — dA — dA. 
Now dF = {d-S) {d-6)A = -{dd + 6d)A = dd{6Tr) = -S^dn = since Sdn = -dSn 
from d'^TT = 0. 

We take $ G sec(A"(Af)® A^l^f)) C sec(I(M) and consider (Vaz and Rodrigues, 
1995) the following Hertz potential tt G sec A^(M) C secCg(M): 

TT = $7172. (3.13) 

We now write 

^t,x) = (j){x)e'^'^\ (3.14) 
Since tt satisfies the wave equation, we have 

V'^(f>{x) + n^(f>{x)^0. (3.15) 

Solutions of eq(3.15) (the Helmholtz equation) are well known. Here, we consider 
the simplest solution in spherical coordinates. 



(j){x)=C- , r = ^x^+y^ + 7J, (3.16) 

r 

where C is an arbitrary real constant. We obtain the following stationary electro- 
magnetic field, which is at rest in the reference frame I where (a;'*) are naturally 
adapted coordinates: 

C 

Fq = — [sin rii(arir sin ^ sin /9 — /3 cos ^ sin ^ cos /9)7"7^ 

— sin Qt{a^r sin cos p + (3sm9 cos 9 sin /9)7°7^ 

-|-sinOt(/3sin2 - 2a)7V + cos f2t(/3 sin^ - 2a)'y^^'^ (3.17) 

-|- cos flt{P sin cos ^ sin p -|- aOr sin cos p)7^7^ 

-|- cos flt{—f3 sin cos cos p + afl sin sin p)7^7^] 

with a = cos fir — sin fir and f3 = 3a + fi^r^ sin fir. Observe that F^ is regular at 
the origin and vanishes at infinity. Let us rewrite the solution using the Pauli-algebra 
in C^+(M). Writing (1 = 75) 



Fq = Eq + iBq 



(3.18) 
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wc get 

Eo = -Wsmnt , Bo = Wcosnt (3.19) 

with 

W = c( — - — - ^ /^(^^ + y"^) _ (3 20) 

We verify that divVF = 0, divii;o = div^o = 0, lotEo+dBo/dt = 0, lotBo-dEo/dt = 
0, and 

TotW = -nW. (3.21) 

Now, it is well known that To = —FjqF is the 1-form representing the energy 
density and the Poynting vector (Maia et al., 1990; Hestenes, 1966) . It foUows that 
Eq X Bo = 0, i.e., the solution has zero angular momentum. The energy density 
u = is given by 

u = ^ [sin^ d[V?r^c? + cos^ Qf?) + (/3 sin^ B - 2af\ (3.22) 

Then J / J^jg udv = oo. In (Rodrigues and Lu, 1996) it is discussed how to generate 
finite energy solutions. It can be constructed by considering "wave packets" with 
a distribution of intrinsic frequencies F{^) satisfying appropriate conditions. Many 
possibilities exist, but they will not be discussed here. Instead, we prefer to direct 
our attention to eq.(3.21). As it is well known, this is a very important equation 
(called the force free equation (Waitc, 1995)) that appears e.g. in hydrodynamics 
and in several different situations in plasma physics (Reed, 1994). The following 
considerations are more important. 

Einstein, among others, (see (Waite, 1995) for a review) studied the possibility 
of constructing PEPs. He started from Maxwell equations for a PEP configuration 
described by an electromagnetic field Fp and a current density Jj, = pp7o + ip7i, 
where 

aFp = Jp (3.23) 
and rightly concluded that the condition for existence of PEPs is 

Jp.Fp = 0. (3.24) 

This condition implies, in vector notation, 

Pp4 = , Jp.^p = , Jp X Bp = . (3.25) 

From eq.(3.25) Einstein concluded that the only possible solution of eq.(3.23) 
with the subsidiary condition given by eq.(3.24) is Jp = 0. However, this conclusion 
is correct only if > 0, i.e., if Jp is a time-like current density. However, if we 
suppose that Jp can be spacelikc, i.e., J^ < 0, there exists a reference frame where 
Pp = and a possible solution of eq.(3.24) is 



Pp = , Ep.Bp = , Jp = fcC4 



(3.26) 
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where A; = ±1 is called the chirality of the solution and C is a real constant. In 
(Waitc, 1995; Waite et ai, 1996) static solutions of eqs. (3.23) and (3.24) are exhib- 
ited where Ep = 0. In this case we can veriiy that Bp satisfies. 

V xBp = kCBp. (3.27) 



Now, if we choose F e sec t\{M) c sec«(M) such that 

Fo = Eq + 'iBq , 
Eq = —Bp cos Clt , Bq = Bp sin Qt . 



(3.28) 



we immediately realize that 

dFo = 0. (3.29) 

This is an amazing result, since it means that the free Maxwell equations may have 
stationary solutions that model PEPs. In such solutions the structure of the field 
Fq is such that we can write, e.g., 

Fo = f'+F = iWcosujt-Wsmnt, 

dF^ = -dF = jl, ^'-^'^ 

i.e., dFo = is equivalent to a field plus a current. This opens several interesting 
possibilities for modelling PEPs (see also (Waite, 1995; Waite et al., 1996)) and we 
discuss more this issue in another publication. 

We observe that moving subluminal solutions of ME can be easily obtained choos- 
ing as Hertz potential, e.g., 

7r<(i,x) = C^^^^^exp[7s(w<f- A;<2;)]7i72 (3.31) 



„2 I „,2 I „2 r„ „,j.\2 



U = [x' + y'+lt,{z-vtY] (3.32) 

We are not going to write explicitly the expression for F< corresponding to tt^ 
because it is very long and will not be used in what follows. 

We end this section with the following observations: (i) In general for subluminal 
solutions of ME (SSME) the propagation vector satisfies an equation like eq(3.32). 
(ii) As can be easily verified, for a SSME the field invariants are non-null, (iii) A 
SSME is not a tranverse wave. This can be seen explicitly from cqs(3.19) and (3.20) 
and a special Lorentz tranformation with parameter t)<. 

Conditions (i), (ii), (iii) are in contrast with the case of the PWS of ME. In (Vaz 
and Rodrigues, 1993; Vaz and Rodrigues, 1995) it is shown that for free electro- 
magnetic fields {dF = 0) such that 7^ 0, there exists a Dirac-Hcstenes equation 
for tp G sec(A''(M) + A^(^) + A^^)) C sec Cf(M) where F = V'7i72V'- This 
was the reason why (Vaz and Rodrigues, 1995) discovered subluminal and superlu- 
minal solutions of Maxwell equations (and also of Weyl equations) which solve the 
Dirac-Hestenes equation. 
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3.3. The Superluminal Electromagnetic X-Waye (SEXW) 

To simplify the matter in what follows we now suppose that the functions <i>x„ and 
^XBB„ below, which are superluminal solutions of the scalar wave equation (Lu and 
Greenleaf, 1992; Rodrigues and Lu, 1996), are 0-forms sections of the complexified 
Clifford bundle «c(M) = (E®Ci{M). Sections of adM) are like in eq.Q with 
the coefficients s, , 6^^ . . . being complex functions. We have 

$^ Ji, f ) = e"'' / B(i)J„(ipsin77)e-'=["«-'(^™^''-*)ldfc (3.33) 



where n = 0, 1,2,... and 77 is a constant, called the axicon angle. Choosing B{k) = 
gq, we have 

'i>x.BjMl^ ";ff"^^"5;' (3.34) 
VA/(t + VM)" 

M = {p sin ri)'^ + t'^ ; t ^ [a^ ~ i{z cost] - t)]. (3.35) 

Further, we suppose now that the Hertz potential tt, the vector potential A and the 
corresponding electromagnetic field F are appropriate sections of Cic{M). We take 

TT = $7172 G sec (F A^*^) C secCfc(M), (3.36) 

where $ can be ^x„ or ^xbb„- Let us start by giving the explicit form of the 
FxBBn i-e., the SEXWs. In this case writing tt = ??£ + 1??™ eq.( [3.36 ) gives tt — iTm, 
and 

Tfrn^^XBB„Z, (3.37) 

where z is the versor of the 2:-axis. Also, let p, 9 be respectively the versors of the 
p and 9 directions where (p, 9, z) are the usual cylindrical coordinates. 
Writing 

PxBBn = ExBB„ + l5BxBB„ (3.38) 

we obtain 

n 92 02 

EXBB„ - --J^^XBB,^ + e--—'S>XBB„ (3.39) 

p otoO atop 

92 ^ Q2 / 52 Q2 \ , , 

BxBB„ = P^r7r^XBB„+0-T^^^XBB„+Z TT^^XBS,, - Trp^'^XBB,, (3.40) 

Explicitly we get for the components in cylindrical coordinates, 

{ExBBjp^--n^<^>XBB^ (3.41a) 

{ExbbJo = -^ i!^ $XBB„ (3.41b) 
p VMM2 

{BxBBr, )p = COS r]{ExBBje (3.41c) 

{BxbbJb = - cosr]{ExBB„)p (3.41d) 

{BxbbJz ^ -sin^V-^^XBB^- (3.41e) 
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The functions Af,(i 2, . . . , 7) in (3.41) are 

M2 = T + VM (3.42a) 

M3 = n + -^T (3.42b) 

Vm 

M4 = 2n + -4=T (3.42c) 



M5 = T + nVM (3.42d) 
Me = (p^ sin^ - nM3)M2 + np^ sin^ p-^ (3.42e) 

M7 = (^2 - 1)^ +3n— t + 3^^t2 (3.42f) 

Wm m Vm3 

We immediately see from eq(3.41) that the Fxbb„ sue indeed superluminal 
UPWs solutions of ME, propagating with speed 1/ cos 77 in the z-direction. That 
FxBBn are undistorted progressive waves is trivial and that they propagate with 
speed ci = 1/ cosry foUows because Fxbb^ depends only on the combination of vari- 
ables {z — cit) and any derivatives of ^xbb,^ will keep the (z — cit) dependence 
structure. More details can be found in (Rodrigues and Lu, 1996) where we show 
how to generate finite aperture approximations to the SEXWs. In particular, the 
name X-wave is due to the shape of these waves. 



4. The Equivalence Betvireen Maxwell and Dirac Equations 

Let us consider the generalized Maxwell equations 

dF = J, (4.1) 

where d = 7^9^ is the Dirac operator and is the elctromagnetic current (an electric 
current Je plus a magnetic monopole current —"f^Jmi where J^, Jm € sec/\^M C 
Ct{M)). In (Vaz and Rodrigues, 1993; Vaz and Rodrigues, 1995) we proved that F 
can be written as 

F = V72ii/^, (4.2) 
where ■0 e sec(3?+(M) is a Dirac- Hestenes spinor field. If we use eq.(4.2) in eq.(|4.l[) 



we get 

5(^7210) = 7^5^(V'72i0) = 7^(9^V'72i0 + ^72i9^0) = J- (4.3) 

But '0721 9/^0 — —(9^ "07210) I and since reversion does not change the sign of scalars 
and of pseudo-scalars (4- vectors), we have that 

27'' (9^^^7210)2 = J. (4.4) 

There is a more convenient way of rewriting the above equation. Note that 

7^(i9m^72iV')2 = ^07210 - 7''(5m07210)o - l^{d^ip'-f2ii>)4, (4.5) 

and if we define the vectors 

j = 7^(c'^072i0)o, (4.6) 
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9 = 7^(5mV'75721'/')o, 



we can rewrite eq.(4.4) as 



+ [j + 159) 



(4.7) 



(4.8) 



Eq.( |4.§| ) is a spinorial representation of Maxwell equations. In the case where 
is non-singular (which corresponds to non-null electromagnetic fields) we have 



.75/3 



\j + {j + 75.9) 



(4.9) 



Eq. (P^) has been proved (Vaz and Rodrigues, 1993) to be equivalent to the spinorial 
representation of Maxwell equations obtained originally by (Campolattaro, 1990) in 
terms of the usual covariant Dir ac spinor field. 

The spinorial equation (O) representing Maxwell equations, written in that 
form, does not appear to have any relationship with Dirac-Hestenes equation 2.7 . 
However, we shall make some modifications on it in such a way as to put it in a 
form that suggests a very interesting and intriguing relationship between them, and 
consequently between electromagnetism and quantum mechanics. 

Since tp is supposed to be non-singular (F non-null) we can use the canonical 
decomposition of tp and write t/j = pe^'^^^'^R, with p, f3 G sec /\'^M C sec C^(M) and 
R e Spin+(1, 3) Vx G M. Then 



where we defined 



n,, - 2{d^R)R. 



(4.10) 
(4.11) 



Using this expression for into the definitions of the vectors j and g (eqs.(4.€ ,4.7)) 
we obtain that 

j = 7^(f}^ • S)pcosf] + j^[n,, ■ (755)]psin/3, (4.12) 
9 = ■ {ToS)]pcosp- ■ S)psinP, (4.13) 

where we defined the bivector S by 



S = 2 V'721'0 ^ 



1 



-Ri2iR- 



(4.14) 



A more convenient expression can be written. Let v be given by pv = J — 07o'(/', 
and = u • 7^. Define the bivector CI — u^rj^ and the scalars A and K by 



Using these definitions we have that 



(4.15) 
(4.16) 



(4.17) 
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■ (75 5) = Kv^, (4.18) 

and for the vectors j and g: 

j = AvpcosP + KvpsinP — Xpv, (4.19) 

g = Kvp cos (3 — Avp sin P = Kpv, (4.20) 

where we defined 

A = Acos/3 + ii'sin/3, (4.21) 

K = KcosP - Asm(3. (4.22) 
The spinorial representation of Maxwell equations is written now as 

g75/3 

dtpj2i = -z—Jip + AV'To + 75kV'7o- (4.23) 
2p 

If = (free case) we have that 

di>^2i = AV'To + Ibni^lo, (4.24) 



which is very similar to the Dirac-Hestenes equation (2.7). 

In order to go a step further into the relationship between those equations, we 
remember that the electromagnetic field has six degrees of freedom, while a Dirac- 
Hestenes spinor field has eight degrees of freedom; we are free therefore to impose 
two constraints on ifj if it is to represent an electromagnetic field. We choose these 
two constraints as 

d-j = and a • g = 0. (4.25) 



Using eqs.( |4.19| , [4.20D these two constraints become 

d ■ j = pX + Xd ■ J = 0, (4.26) 

d ■ g = pk + nd ■ J ^Q, (4.27) 
where J = pv and X — {v ■ d)X, k ^ (v ■ d)K. These conditions imply that 

nX = Xk, (4.28) 



which gives (A 7^ 0): 
or from eqs. (|^j42|): 



Y = const. = - tan /3o, (4.29) 
A 

^ =tan(/3-/3o). (4.30) 

Now we observe that (3 is the angle of the duality rotation from to F' = c'-^^F. 
If we perform another duality rotation by /3o we have F ^ Qi^iP+Mp^ and for the 
Yvon-Takabayasi angle /3 1-^ /3 + /3o- If we work therefore with an electromagnetic 
field duality rotated by an additional angle /3o, the above relationship becomes 

^=tan/3. (4.31) 
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This is, of course, just a way to say that we can choose the constant Pq in eq.(4.29) 
to be zero. Now, this expression gives 

A = Acos/3 + Atan/3sin/3 = — (4.32) 

coap 

/t = Atan/?coS;5-Asin/5 = 0, (4.33) 



and the spinorial representation (4.24) of the free Maxwell equations becomes 

dijj2i = A^7o. (4.34) 

Note that A is such that 

pX = ~Xd ■ J. (4.35) 
The current J = ip'foip is not conserved unless A is constant. If we suppose also that 

d-J = (4.36) 

we must have 

A = const. (4.37) 

Now, throughout these calculations we have assumed h ^ c = I. We observe 



that in eq.(4.34) A has the units of (length)^^, and if we introduce the constants h 
and c we have to introduce another constant with unit of mass. If we denote this 
constant by m such that 

A = 7, (4.38) 



then eq.(4.34) assumes a form which is identical to Dirac equation: 



TTIC 

dTpj2i = -T-'^lo- (4.39) 
h 



It is true that we didn't prove that eq.(4.39) is really Dirac equation since the 
constant m has to be identified in this case with the electron's mass. However in (Vaz 
and Rodrigues, 1995) we present several arguments based on the stochastic inter- 
pretation of quantum mechanics which suggest that we must take the identification 
seriously. 

5. Some Properties of the Linear and Non-Linear Dirac-Hestenes Equa- 
tion 

5.1. Projection Operators and Energy-Momentum Tensors 
We recall that the free DHE 



has the following plane wave solutions: 



(5.1) 
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V-l"^ = VP7573i(7i2eT"'"*). 
Observe that for the solutions (+) we have P — 0, and for the solutions (— ) we have 

/3 = TT. 

The solutions (+) [(— )] are solutions of positive [negative] energy and the arrows 
indicate spin-up (|) and spin-down (|). To see this we consider the energy projection 
operators A-(-(Lounesto, 1993; Lounesto, 1994): 

A±W = ii^iToV'To] (5.3) 
and the spin projector operators S±: 

= ^[^±72iV'72i]. (5.4) 

It is easy to sec that = A±, AzpA± = 0, A+ -I- A_ — 1 and = S±, 
S^Si = 0, S+ + S_ = 1. Then, 

(+) 

-I 



A+S. 






-A^ 






A+E_ 






-Ah 




=^ 


A_Sh 






A 




=^ 


A_E_ 




= s_ 


A. 







(5.5) 



(-) 

I 



The fact that the Takabayasi angle is or tt for these solutions is very interesting 
and a mistery. We already saw that the Takabayasi angle appears in the NLDHE, 
which is equivalent to Maxwell equation, and we are going to disclose some of the 
secrets of the variable j3 in what follows. 

Before going on we recall that the solutions of the Dirac equation (coupled with 
the electromagnetic field) for the hydrogen atom are solutions with variable /?, i.e. 
P = P{x) (Quilichini, 1971). But it is very interesting that (Kriiger, 1991) obtained 
solutions for the hydrogen atom with ( 3 = or tt. 

We return now to our NLDHE (eq.(|49|)) which we can also write as 

= AV'Toe'^'^' + 75i^V'7oe'^'^' + ^e'^'^'Ji; . (5.6) 



2p 



For = and ii' = we have 



9^^721 = AV'7oe'^^= , (5.7) 
which has been studied extensively by (Daviau, 1993), but in a context different 



from the present one. Note that this result is consistent with eg. ( 4.39 ) if /3 = or 

/3 = TT. 



Equation (5.7) is non linear. Except for the term e^''^, which introduces the 



non-linearity, this equation is like the DHE if A = m. We briefly discuss, before 
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arriving at the main topics of this section, the fact that eq.(5.7) is more satisfactory 
than the DHE. 

To start with, we know (Hestenes, 1973) that the energy-momentum operator in 
the Chfford bundle formahsm is given by 



fnp = c?V'72i 
Since 70c? = 9o + V, 70P = pa — we have 



(5.8 



Eip = idoip , pip = —iVtp , (5.9) 
which are the usual definitions of the operators E and p. We can then write eq. (|5.7|) 



as 



pip = mcip^Qe^^^ 



(5.10) 



and if is a nonsigular eigenvector of p we have, after multiplying eq. 5.10| hy ip ^, 
that 



mv , 



(5.11) 



with V ~ —ipjQip. 
P 



On the other hand, writing the DHE (eq.(5.1)) as 



pip = rmp^o 

we get for the nonsingular eigenvectors of p that 



p = e^'^^ mv . 



(5.12) 



(5.13) 



Since p and v are 1-forms, eq.( 5.13| ) implies that /3 = or /3 = tt, and we get 



(5.14) 



i.e., the case /3 = tt introduces a negative sign without any obvious physical meaning. 
Equation ( 5.14 ) implies that in order to make sense the DHE for a free particle must 
have /3 = or /3 = TT, and we have the problem of interpreting the negative energy. 
The known solution is to say that such solutions correspond to antiparticles. 

Now, the NLDHE (5.7) does not present any problem, because p = mv for 
whatever angle f3. The following point concerning eq.(5.7) is important. The super- 
position principle of quantum mechanics remains valid if we only superpose solutions 
with the same (3. This means that fixed values of f3 imply in a superselection rule. 
To understand this fact we write tp — cpe^^'^ and supposing j3 ~ constant eq.(5.7) 
becomes 



d(pj21 = TO07O : 



(5.15) 



which is the DHE for (p — ^R. Then, the solutions of eq.(5.15) for (p are identical 
to the solutions of the DHE for pt — 0. We have the solutions 
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= ^e'^'^^/^e-^^^i'"* ; (5.16) 
= Vpe'''''^'73ie-^^^™* ; (5.17) 

where (3 is arbitrary but constant. Since 75 commutes with 721, it is obvious that 
these solutions are eige nvect ors of the sp in projector operators S± (eq.(5.4)). On the 
other hand, equati ons ( 5.16 ) and ( 5.17 ) are not eigenvectors of the energy projector 
operators A± (eq. (|5.3|) ). Indeed, we have 



A+(V'Ti) ^ 
A-(V'Ti) 



2/9 1 . . 
cos - -75-sm/3 

' 1 • ^ -2/3' 
75-sm/i + sm - 



(5.18) 
(5.19) 



It foUows that -011 are eigenvectors of A± only for /? = or /3 = tt and in these 
cases we have 



and we then can write 



A-(V'n) = 



Vp75e-^-™*; 

7^757316-^^1™* . 







0) 







vr) 







0) 









(5.20) 
(5.21) 



(5.22) 



The interesting point concerning these solutions is that here the interpretation 
of A± as energy projector operators has no meaning. Indeed, if we recall that the 
Tetrode (energy-momentum 1-form) for the NLDHE is equal to the same tensor for 
the DHE (Vaz, 1993), i.e. 



(5V'72ioV'7p 



we have for all solutions ( ^.22] ) that T = Tf^ = T^^.-if" > 0. Indeed, 

T = (Oi/'72ioV')o , 



(5.23) 
(5.24) 



and using eq.(5.23) we find 



(5.25) 

On the other hand, in the case of the DHE the trace of the Tetrode tensor is 



Dirac 



m{ipil)) = mp cos P 



(5.26) 



and we have 
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Tuir'AC^Tcosp. (5.27) 
We see that according to the NLDHE all solutions given by eg . ^.22 have positive 



energy and so in this theory it is a nonsense to interpret A± as energy projector 
operators. In (Vaz, 1993) it is shown that can be interpreted as the "extremal 

square root" of the Maxwell energy-momentum 1-form, = —F-ff^F, which is a 
very interesting result. 

Since we cannot interpret A± as energy projector operators for the NLDHE we 
propose to interpret them as operators of particle (A+) and antiparticle (A_). In 
this way the superposition principle continues to hold good only for solutions with 
the same f3. Explicitly this means that the superposition principle holds for particles 
and for antiparticles separately, where /3 = refers to particles and P = tt refers 
to antiparticles. In this way the transformation /3 i— > /? + tt can be interpreted as 
transforming particle in antiparticle and vice-versa. 

To sum up, we saw that for consistence the DHE implies /3 = or /3 = tt for a free 
particle. On the other hand in the NLDHE f3 — and /3 = tt appear as conditions 
for ip to be an eigcnfunction of A±{ip) = l/2{ip + 7o'07o)- This suggests to us to 
search for a new projection operator which imply in other possible values for /3 and 
in this case these different values may eventually be associated with the other known 
leptons. The new projection operator is introduced by 



A/3(V') = ^(V' + e^=''7o^7o). (5.28) 



Then 



A+ = A^=o and A_ = A/3=^ . (5.29) 
It is easy to verify that A^ is indeed a projection operator for all /3 because 

A^ = A^ , A^ = A^+^ , ApAp+^ = A^+^A^ = . (5.30) 

5.2. Gauge Invariance of the Dirac-Hestenes Equation 

Consider the Dirac-Hestenes field in interaction with the electromagnetic field A G 
sec/\^{M) C sec C^(M), which is described by 

dipj2i + mip^o + eAijj = . (5.31) 

It is well known that this equation is invariant under the following gauge trans- 
formations: 

V' ^ V'exp(e72i6l) ; A^A + d6; (5.32) 

where 9 e sec/\°{M) C sec Cf(M). 

Now let V'-i- and tp- be Weyl spinor fields, i.e. 75^^+ = +"0+721, 75'0- = — "0-721- 
Then 0+ and ip- satisfy the Weyl equation 



diP± = 



(5.33) 
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Consider the equation for -0+ coupled with an electromagnetic potential B, i.e. 



9^+721 + gBip+ = . (5.34) 
This equation is invariant under the gauge transformations 

^ ^+ exp(5756') ; B ^ B + 89 . (5.35) 
On the other hand, the equation for ip-, 

90^-721 + .9^1/^- = , (5.36) 
is invariant under the gauge transformations 

^ V- exp(-g756') ; B ^ B + 89 . (5.37) 



Consider now the Dirac-Hestenes spinor fields (eqs. 2.16 ) 



V'-'- = 0+ + 700+70 = ■0+ - ^/-i . 



(2.16') 



which satisfy Ptp^ — 0^, P^p^ = —tpK When ip^ is coupled with an electromagnetic 
potential B we have 

90^721+550^=0, (5.38) 

which decouples in 

+ gisBipl = ; 901 - 575^01 = . (5.39) 

These results show clearly that 0^ describes a pair of particles with charges +g 
(0^) and —g (0l). We will call such particles magnetic monopoles following the 
important work of (Lochak, 1985), where similar ideas have been introduced. 

Now, writing 0;_ = — 5 + — 75P we have 

0^ = 7o(-^ + ^ - 75^^)70 -{-S + :F- 75P) . (5.40) 
Then from the fact that 8ip^ = we get 

8F^ = -j,8P ; = ^(70^70 - ^) ; (5.41) 

which means that 90^ = is equivalent to a Maxwell equation with magnetic current 
Jm = 8P, i.e. 

8F^ = --,5Jm ■ (5.42) 
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6. The Lepton Mass Spectrum 

We can now present our theory of the Lepton Mass Spectrum. We start by supposing 
that the electron corresponds to a free electromagnetic field configuration F^, dF^ — 
and ^ 0, such that for 



Fe^1pel2li'e (6.1) 

we have 

dllJej21 + m%l)el2l = , (6.2) 

which follows from the NLDHE once /? = 0. (For the positron we have (3 = tt.) 

We now imagine that the other leptons are also electromagnetic excitations. Since 
it is a known fact that, e.g. the muon decays according to/z— >e + i^ + I7 and that 
the ^ has the same intrinsic parity as e~, we develop the following idea. We regard 
the muon as the electromagnetic configuration Fe + F'^ = F. From now on we 
must use correct gaussian units as discussed above and we must pay attention to 
the dimensions of the physical quantities. We use [X] as meaning the physical 
dimension of a given quantity X. L means the length unit, T the time unit, M the 
mass unit and Q the charge unit. In gaussian units [F] — QL^. Then, when we 
write F = V'721'0 we are taking [-0] — {QL'^y^'^. But usually [ip] = L^"^/^. Now, 
[F] = ^ Q{ML^T-^)M-^{LT-^)-^L-\ Since [e] = Q, [h] = {ML^T-^), 

[ni] = AI and [c] = LT^^ we see that if we take 

F = V72iV^, (6.3) 
mc 

where fc is a numerical constant and m is the electron mass, the units of ip result 

27]- 

equal to L"^^"^ . We show below that fixing /c = — we can get the muon mass 
spectrum. We take -0^ with the dimensions of an electromagnetic field. 



If gaussian units are used we must write dF — {A-k/c)J. Then using eq.( |5.42D 
we have 

47r 47r 

dF^—J^ 75 J™ . (6.4) 

c c 

The corresponding NLDHE for is obtained as in section 4. We get 



90721 = ^07oe^^^ + 75-^V'7oe''''= + M ^ ■ (6-5) 

n n p \ en J 

Writing 

^^g75/3/2^^ (6.6) 

where = ^/pR and supposing /3 — constant we have 

O0721 = ^—070 + 75^—070 H — T M'A (6- ') 

n n p \ en J 

and differently from the case = the factor e^''^ is not factored out. Now 
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(6.8) 



F or the free solution dF = we arrived at dipj2i + i'm'C/h)'ip"fo — 0, which in 
( ^■7| ) means to make K2 = (as already explained) and to put Ki = m, the electron 
mass. 



We look now for solutions of (6/7) such that 



J rr 



Cqrn4'lQ4> 



(6.9) 



where qm denotes the "magnetic" charge. Using eqs. ( |6.8[ ) and ( |6.9[ ) in (6.5) we get 

(6.10) 



Mc Nc 



which is analogous to eq.(4.24) but where now 

3m 

M — m-\ smp ; 

e 

3m „ 
N = cos/3. 

e 

This equation reduces to a DHE if = and we have 

Mc 



9(^721 = -T-070 • 
n 



If = we must have 



g„cos/3 = /^ = f'/^ = 'y 



(6.11) 
(6.12) 

(6.13) 

(6.14) 



(Before proceeding we suppose that to /? = 7r/2 is associated +qm and to f3 — 3tt/2 
is associated — 2m.) 

With eg. ( 6. 14 ) we get 



AI — rn + 3m- 



(6.15) 



It can be shown (Lochak, 1985) that the monopole theory developed in section 
5.2 implies in Dirac's quantization condition : 



he 



n integer . 



(6.16) 



where e is the electric charge of the electron. Then 



where a = /Tic is the fine structure constant. Taking n = 1 we have 



M= ( l + _- |m, 



(6.17) 



(6.18) 
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which gives M = 206.55m ~ 105.5 MeV. The muon mass is — 206.70m. We see 
that our theory gives an exceUent resuh. 

For /3 = 7r/2or/3 = 37r/2we have the foUowing solutions: 

(+) = ,/7:p757r/4^,,„-72lMct/;i . 



where the solutions with index (+) are eigenspinors of and the solutions 

with index (— ) are eigenspinors of A^^3^/2, i.e. 

(6.20) 

A;3=3V2(V'Tr^) = V'lr^ • 

In this way we may take the projector operators with the appropriate values of 
[3 as the projectors of electron, positron, muon and antimuon, i.e. 

A^=o = Ag- ; A^=jr = Ae+ ; ^^-^ 

A;3=7r/2 = A^- ; A^=37r/2 = A^+ . 

At this point the question that naturally arises is the following: May the above 
theory give the mass of other leptons, in particular the mass of the Tau ? This can 
bi done using an ad hoc hypothesis. We suppose that the Tau is made of an excited 
state of the muon. Proceeding as before we arrive at a new equation for M, which 
we now write M: 

M= ( 1 + — I m + 3m^. (6.22) 

\ 2a J e 

In this equation, supposing n = 2** = 16 in the Dirac quantization condition, we 
have 



M = ( 1 + — ) TO + — 2'^m = ( 1 + 17— ) m = 3845m = 1785 MeV/c^ , (6.23) 
2a J 2a \ 2a ' 

which is a good approximation for the Tau mass. The hypothesis n = (p integer) 
in the formula for the possible values of leads to the spectrum 

Mp = TO + — m ^ , (6.24) 



=0 



which corresponds to a formula found by (Barut, 1980) based on arguments com- 
pletely different from the ones presented above. From eq.(6.24) we obtain Mq = to, 
M\ = m^J,, M2 = mr and Afa = 20090to = 10291 MeV /c^ and such a lepton has not 
been found as yet. 
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7. Conclusions 

We saw in this paper that there are many news from Maxwell and Dirac. The exis- 
tence of subluminal and superluminal UPW solutions of the free Maxwell equations 

looks, at least to the authors, an extraordinary fact with implications in all branches 
of physics. For a discussion of these imphcations see (Rodrigues and Lu, 1996). We 
saw that these solutions correspond to solutions with field invariants different from 
zero and that they have also longitudinal components. In this respect we must say 
that (Evans, 1994) presents some evidences that there are electromagnetic waves 
with longitudinal electromagnetic fields. Also important is the fact that Maxwell 
equations are equivalent to a NLDHE which, for particular values of the Takabayasi 
angle, gives the lepton mas spectrum through the construction of section 5. 

We finish by commenting that Weyl equations also have subluminal and super- 
luminal solutions (Vaz and Rodrigues, 1995; Rodrigues and Lu, 1996). This may 
eventually explain some of the mysteries associated to neutrinos, because in both 
cases they move as massive particles with momenta satisfying = ^l^ > and 
p?, = — < 0, the symbols < and > corresponding to the subluminal and superlu- 
minal solutions. 
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